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A generalization of the Priifer coding of trees is given providing a natural correspondence 
between the set of codes of spanning trees of a graph and the set of codes of spanning trees of the 
extension of the graph. This correspondence prompts us to introduce and to investigate a notion of 
the spanning tree volume of a graph and provides a simple relation between the volumes of a graph 
and its extension (and in particular a simple relation between the spanning tree numbers of a graph 
and its uniform extension). These results can be used to obtain simple purely combinatorial proofs 
of many previous results obtained by the Matrix-tree theorem on the number of spanning trees of a 
graph. The results also make it possible to construct graphs with the maximal number of spanning 
trees in some classes of graphs. 

1. Priifer [8] gave an interesting method of coding labeled trees which provides a 
one-to-one correspondence between the set of spanning trees of the  complete graph 
K n  with n vertices and the set of words with n - 2 letters from an n-element set. 
An immediate consequence is the well known Cayley formula for the number t ( K n )  

of spanning trees of Kn: t ( K n )  = n n -2 .  The Pr/ifer coding was generalized to 
enumerate the spanning trees of bipartite graphs [9] and of k-parti te graphs [7]. 

In this paper we generalize the Priifer coding to enumerate the spanning trees 
of a graph obtained from another graph by a special operation called extension.  

The suggested coding of spanning trees of a graph extension (see 3) posesses the 
following properties: the set of codes of spanning trees of an extended graph can 
be simply described in terms of the set of codes of spanning trees of the extendible 
graph (4 and 7). From this description it becomes clear how each spanning tree of a 
graph is "multiplied" in the set of spanning trees of the extension of the graph. As a 
result we obtain a natural map of the spanning tree set of the extended graph onto 
the spanning tree set of the original graph (see 9). 

The previous results for bipartite graphs [9] and for k-parti te graphs [7] are 
particular cases of the results below when the extendible graph is the complete graph 
with two and with k vertices respectively. 

A structure of this map prompts  us to introduce the notion of the spanning tree 
volume of a graph with weighted vertices and makes it possible to reveal a natural 
and simple interconnection between volumes of a weighted graph and its weighted 
extension (see 10 and 11). If the weight of each vertex of a graph is 1 then the 
spanning tree volume turns into the spanning tree number of the graph. Hence we 
obtain in particular a simple relation between the number of spanning trees of a 
graph and of its uniform extension (see 12) and also of a biparti te graph and of its 
biparti te uniform extension (see 13). 

The main definitions and notations are given in 2. In Section 3 Procedure P 
for coding spanning trees of a graph extension is described. In Sections 4 and 8 
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properties of codes obtained by Procedure P are established. Procedure p - 1  for 
decoding is described in Section 5. Mutual properties of Procedures P and p - 1  are 
given in Section 6. 

Each section contains at most one Proposition. So Proposition N means the 
Proposition in Section N. 

2. Undirected graphs without multiple edges but possibly with loops are considered 
[1]. As usual V(G) and E(G) are the sets of vertices and edges respectively. Let 
d(v, G) denote the degree of a vertex v in a graph G (i.e. the number of edges incident 
to v in G; a loop is counted once ). Let (a, b) denote an edge with end-vertices a and 
b. For a given v E V(G), let G - v denote the graph obtained from G by deleting 
the vertex v and the edges incident to v. 

A spanning tree (or simply a tree) of a connected graph G is a connected subgraph 
of G without cycles having V(G) as the vertex set. Spanning trees T1 and T2 are 
distinct if E(T1) r E(T2). Let 5r(G) and t(G) denote the set and the number of 
spanning trees of a graph G respectively. 

Let X be a finite set of elements. For v E V(G) put X(v) = {vx: x E Xv} where 
Xv C_ X.  P u t X  = {X(v):v E VG}. 

Given G and X, let us construct the new graph F = G(X) as follows: 
(al)  v ( r )  = u { x ( v )  : v �9 y ( a ) }  and 
(a2) for a pair of vertices VlX 1 and v2x2 of F (VlXl,V2X2) �9 E(F)  if and only if 

(Vl, v2) �9 E(G). 
We call G(X) theX-extension of G. Put  IV(G)I = n, IX(v)l = k(v) and IV(G(X)) I = 
s so that  s = ~ { k ( v ) : v  �9 V(G)}. 

3. Assume IV(G)] = n _> 2. Let T be a spanning tree of G(X). Let us construct a 
code P(T) of a tree T similar to Priifer code [1]. The code P(T) consists of n + 1 
words with letters from V(G(X)). Except for one of these words, the words are in 
one-to-one correspondence with the vertices of G. Thus, 

P(T) = { w }  U {w(v) : v E VG} ,  

The word w consists of n - 2 letters while w(v) consists of k(v) - 1 letters. 
In particular if n = 2 then w is an empty word : w = 0; if k(v) = 1 then w(v) is 

an empty word : w(v) = 0. 
Hence if W(T)I = IV(G(37)) I = 2 then P(T) is an empty code, i.e. each word of 

P(T) is empty. 
From here on we suppose that  linear orders ~- are defined on the sets V(G) and 

X (for example V(G) and X are the sets of distinct integers). Let Vl,V2 E VG and 
X l , X  2 E X .  We say that  VlX 1 is greater then v2x2: VlX 1 >'- v2x  2 i fv l  >- v2 or v 1 ---- V 2 

and x 1 >- x2. 
Procedure P for constructing the code P(T) of a tree T from 9"(G) makes s - 2 

steps. At each step the procedure adds a new letter to some of the words. If s -- 2 
then by definition P(T) -- 0. Roughly specking the procedure works as follows. Find 
the minimal (in the sense of ~-) end-vertex vx of the tree T. Let v'x' be the (unique) 
vertex of T adjacent to the vertex vx. If the word w(v) has not been "filled" yet (i.e. 
in this case k(v) > 1) then add the letter v'x' to w(v) from right hand. If w(v) has 
already been filled (i.e. in this ease k(v) = 1) then add v'x' to the word w. After 
that  delete from T the vertex vx and the edge of T incident to vx. Do such steps 
until T has two verticies (i.e. do s - 2 steps). 



SPANNING TREES OF EXTENDED GRAPHS 47 

Below we give a complete description of Procedure P. The content of the square 
brackets illustrates the recursive character of the procedure. The recursiveness of 
the procedure is used in the inductive proofs of the results in Sections 4 and 6. 

Procedure P. 
Input: A spanning tree T of a graph G(X).  

Output:  A collection of words W '  = {w'} U {w(a) : a E V(G)}. 
(pO) Put  N := O, T'  := T, w' := O, w(a) := O for a ~ V(G)  

[Put G t := G, X ' (a )  := X(a)  for a e V(G),  37' = {X'(a)  : a e V(G)} so 
that T l is a spanning tree of the graph G'(X')]. 

(pl)  Find in the tree T r the minimal (in the sense of ~-) end-vertex vx. Find the 
(unique) vertex v' x'  of T I adjacent to vx  so that (vx, vr x ') is the only edge 
o f T '  incident to vx).  Put  N := N + 1 and T '  := T r - vx  . 
I f  [w(v)] < k(v) - 1 then put  w(v) := w(v), v' x ~ (i.e. add the letter vt x '  to 
the end of the word w(v) ) 
/and put X'(~) := X(~) - ~x]. 
f f  Iw(v ) l  = ~ ( v )  - 1 t h e n  put w : =  w ,  v'x' 
[and put  X ' ( v )  := X ' ( v )  - vx  (so that  new X ' ( v )  = 0), 37' := 37' - {X'(v)} 
and G' := G' - vx  . As  a result we have as before : T '  is a spanning tree of 
the graph G'(37')]. 

(p2) I f  N = s - 2 then stop. I f  N < s - 2 then go to (pl). 

Evidently if k(v) = 1 then w(v) = O. If in particular s = n (i.e. k(v) = 1 for 
any v e V(G)) ,  then G(37) = G, T is a spanning tree of G and P(T)  consists of a 
single word w. It  follows from Procedure P that  in this case P(T)  is nothing but the 
Priifer code of T with respect to the mentioned above linear order of the set V(G).  

4. Let W(G,37) denote the set of collections W = {w} U {w(v) : v e VG}  with the 
following properties : 

(cO) w and w(v) for v e V G  are words with letters from V(G(X)),  
(cl) the word w consists of n - 2 letters, 
(c2) the word w(v) for v E V G  consists of k(v) - 1 letters, 
(c3) if vx  is a letter of w(u) then (u, v) E E G  so that  the letters of w(u) always 

belong to U{X(v) : (u, v) E E(G)} and 
(c4) if w = (V lX l , . . . ,  vn-2Xn-2)  then (Vl, . . .  , vn-2)  is the Priifer code of some 

spanning tree of the graph G; let us denote this tree of G by Tt(W) so that  
P(TI(W)) = ( V l , . . .  , v n _ 2 ) .  

Lernma. Let T be a spanning tree of the graph G(37) and P(T )  be the code of T 
obtained by Procedure P. Then P(T )  e ~r 

Proof. Properties (c0)-(c3) of P(T)  follow immediately from Procedure P.  Property 
(c4) can be proved easily by induction on s = IV(G(37))[ using the recursive character 
of Procedure P. | 

5. It  turns out that  converse of the Lemma is also true. Namely we give Procedure 
p - 1  which for any W from W(G,37) constructs a spanning tree T of G(37) such that  
P (T)  = W. 

Roughly specking Procedure p - 1  works as follows: Find in V = VG(X)  the 
~--minimal vertex-letter vx  which does  not belong to W. Delete vx  from V. If the 
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word w(v) from W is not empty then take the first letter vlx ~ of w(v). Connect the 
vertices vx  and vlx ~ by an edge and delete the letter vtx ~ from w(v). If w(v) is empty 
but w is not empty then take the first letter v~x I of w .  Connect the vertices vx  and 
vlx I by an edge and delete vlx ~ from w. If both w(v) and w are empty (it can be 
proved that in this case V consists of exactly two vertices, say a and b), then connect 
a and b by an edge and stop. Do the same with new W and V. Repeat this step 
until V has two vertices. 

Below we give a complete description of Procedure p - 1 .  The content of the 
square brackets is given to illustrate the recursive character of the procedure. The 
recursiveness of the procedure is used in the proof of the results in Section 6. 

Let F = G(X) where 3~ = {X(a) : a �9 VG}.  We suppose that JVG I >_ 2. 

Procedure p-1. 
Input: A collection of words W = w U {w(a) : a �9 V(G)} from W(G,X) and 
v = v ( r ) .  

Output: a graph T with V(T)  = I~.,IF ) and E(T)  = E 
(pO) Put  E := 0, Y' := Y, 0~ := w, w'(a) := w(a) for a e V(G),  W '  := 

{w 1} Ul{w'(a) : a �9 V(a)}. 
[Put G := G, F' := F, X' (a)  := X(a)  for a �9 V(G),  X' -= {X'(a) : a �9 VG}  
so that F' = G'(X'), Y' = V(F') and W '  �9 W(GI,X')]. 

(pl)  I f  IV'I = 2, say Y '  = {a, b}, then put  E := E U {(a, b)} and stop (here (a, b) 
is the edge with the end-vertices a and b ). I f  JV~I > 2 then go to (p2). 
(Since IV(G)I > 2, we have IY(r)l > 2). 

(p2) Find in V t the ~.--minimal vertex-letter vx  which does not belong to W I. 
Put  V I := V ~ - vx. 
[Put F t := F - vx  and X ' ( v )  := Xl (v )  - vx]. I f  wl(v) ~ 0, then pat  
E := E U (vx, vtx I) and wl(v) := wl(v) - vtx I where vtx t is the first letter 
of  the word wt(v), (vx, vlx I) is the edge with the end-vertces vx  , vlx t and 
wl(v) - vlx t is the word obtained from wl(v) by deleting the letter vlx ~. I f  
wl(v) 0 but w ~ 0 then put  E := E U (vx, vtx I) and w p := w I - vlx I where 
v~ x ~ is the first letter of  the word w ~. 
fir wl(v) or w I becomes empty  then delete it from W I. I f  X l (v )  becomes 
empty  then delete it from X I. As  a result we have as above: V p := V(FI), 
r '  = G' (X' )  and  W 1 �9 
Go to (I91). 

recursive character of Procedures P and p - 1  make it possible to prove easily 6. The 
by induction the following 

Theorem. 
(al) P - I ( w )  is a spanning tree of  G(JT) for any W E W(G,X) ,  
(a2) P ( P - I ( w ) )  -- W for any W E W(G,X) ,  and 
(a3) P - I ( p ( T ) )  = T for any T E J(G(X)) .  

7. Corollary. P::7(G(X)) --+ ~r is a one-to-one map of the set J (G(X))  of all 
spanning trees of the graph G(X) onto the set W(G,X) of collections of the words 
with properties (c0)-(c4). I 

8. It is easy to prove the following 
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Lemma. Let P(T) be the Pr/ifer code of a tree T. Then a letter-vertex v from V(T) 
occurs in P(T) exactly d(v, T) - 1 times (here d(v, T) is the degree of v in T). | 

9. In Section 4 the map ~-': W(G,X) --* 5(G) has been defined. Due to Lemma 4 the 
map ~- = ~-'P: J (G(X))  ~ J ( G )  is correctly defined. 

From Theorem 6 we have 

Corollary. T: J (G(X))  --~ :~(G) is a map of the set ff(G(X)) of spanning trees of G(X) 
onto the set 17(G) of spanning trees of G (so that for any D E J ( G )  there exists a 
tree T E J (G(X))  such that  D -- T(T)). I 

10. Let H be a graph and h: V(H) ~ K be an arbitrary function where K is a 
commutative ring. Suppose first that  H is a tree T. 

Put  
R(T, h) = II{h(v)d(v'T)-l  : v E V(T)}.  

For a graph H put 

R(H, h) = Z { R ( T ,  h): T e J (H)} .  

R(H, h) is called the spanning tree volume of a weighted graph (H, h). 
Note that  {h(v): v E V(H)} may be considered as indeterminates and so R(H, h) 

may also be considered as the spanning tree generating function of a graph H. 
Let f :  V(G(X)) --~ K and g: V(G) --* K. 
Theorem 6 makes it possible to reveale the interconnection between R(G, g) and 

R(G(X), f )  under some relation between g and f .  
Given D 6 g(G),  put 

r(D,3~, f )  = Z { R ( T ,  f ) :  T E J(G(3~)) 

Now put 

q(v, e , Z , g )  = ( E  {g(a): a E V(G) and 

and 

Finally put 

for v ~ V ( G )  . 

and T(T) = D}. 

(a, v) 6 E(G)}) k(v)-I 

Q(G,Z, g) = I ' I{q(v ,  G,Zg): v E V(G)}. 

f x ( v )  = g(v)  = ~ . { f ( v x ) :  vx  e X(v)} 

From Lemma 8 and Corollary 9 we have 

Corollary. Let f :  V(G(Z)) ~ K and D E J(G) . Then 

r (D ,X,  f )  = Q(G,X, fZ)  . R(D, fX).  

11. Theorem. Let f :  V(G(X)) --* K. Then 

R( G(Z), f )  = Q( G,Z, f x  ) . R( G, f:r ). 
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P r o o f .  

R(G(Z),  f )  = Z ( R ( T ,  f ) :  T �9 g(G(X))} 

= E { r ( P , Z ,  1): D �9 J(V)}.  

Since R(G, g) = ~ { R ( D ,  g): D �9 J(G)},  we obtain from Corollary 10 the required 
assertion. | 

Note that Theorem 11 revealed and proved by the above described coding can 
also be proved by the Matrix-tree theorem [1]. 

12. Put  f - 1. Then R(G(X), f) = t(G(X)). In particular suppose that the sets X(v) 
i n Z  = {X(v):v �9 V(G)} have the same cardinality : IX(v)[ = k for any v �9 V(G). 
Let G[k] denote the graph G(Z) in the case. Then fX  = k, R(T, f37) = kn-2 for 
any T �9 J (G)  so that R(G, fZ)  = kn-2. t(G). Also q(v, G,X, fX) = (k. d(v, V)) k-1 
(here d(v, G)) is the degree of v in G and a loop is counted in d(v, G) once). Hence 
Q(G,X, fx )  = (k,~ H(d(v, G): v �9 V(G)) k-1. 

Thus Theorem 11 implies 

Corollary. 

t(G[k]) -- k nk-2 H { d ( v ,  G): v �9 V(G)}.  t(G). | 

A particular case of this assertion when each vertex of the original graph has a 
loop was obtained earlier by means of the Matrix-tree theorem in [2]. 

13. Put  as above f _-- 1 so that  R(G(X), f )  = t(G(X)). Now suppose that G is a 
bipartite graph with parts V1 and V2 so that V(G) = V1 t_J V2, V1 N V2 = 0 (and 
therefore G has no loop). Let ]V/] = n i. Suppose also that [X(v)l = k i for any v �9 V/ 

and i = 1, 2. Let G[kl, k2] denote the graph G(X) in the case. Then fX(v) = ki for 
v �9 ~ ,  i = 1, 2, and R(T, fX) /~n2-1 bnl--1 for any D �9 g(G) so that -- '~1 ' '~2 

R(G, I x)  ~n~-1~nl-1 . t(G). = "~1 '~2 
Now 

q(v, G,X, fX) = (ki. d(v, a)) kj-1 
for v �9 Vj and {i , j} = {1,2}. 

Hence 

Q(G,X,f x) = k12(k2-1)k2' (k l -1)  

• 1-I{d(v, Glk2--I:v �9 V2} H{d(v,G)kl-l:v �9 Vl}. 

Thus from Theorem 11 we have 

Corollary. 

t (v [k l ,  k2]) =  k1-1 

• H(d(v,G)k2-1:v �9 V2}" H{d(v ,  G ) k ' - l : v  �9 V1}" t(G). | 
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This assertion has earlier been obtained in another way in [2]. 
In [3] using the Matrix-tree theorem an algorithm was given for obtaining for- 

mulas of the spanning tree numbers of so called decomposable graphs. The above 
coding of trees enable us to obtain the same result in a purely combinatorial way. 

Corollaries 12 and 13 together with some previous results in [4, 5 , ~  make it 
possible to construct graphs with the maximal number of spanning trees in some 
classes of graphs. 
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